Theoretical analysis and experimental quantification on the ellipsoidal relaxation of vesicles are presented. The current work reveals the simplicity and universal aspects of this process. The Helfrich formula is shown to apply to the dynamic relaxation of moderate-to-high tension membranes, and a closedform solution is derived which predicts the vesicle aspect ratio as a function of time. Scattered data are unified by a time scale, which leads to a similarity behavior, governed by a distinctive solution for each vesicle type. Two separate regimes in the relaxation are identified, namely, the "entropic" and the "constant-tension" regimes. The bending rigidity and the initial membrane tension can be simultaneously extracted from the data analysis, posing the current approach as an effective means for the mechanical analysis of biomembranes.
The mechanics of a lipid membrane is essential to many fundamental biological processes such as signal transduction, vesicle trafficking, membrane fusion, mechanosensing, and ion channel gating [1] . Giant unilamellar vesicles with dimensions of living cells and controlled membrane composition constitute ideal model systems to characterize the properties of lipid assemblies [2] . A variety of techniques have been developed to probe vesicle mechanics, including atomic force microscopy [3] , optical and magnetic stretching [4, 5] , micropipette aspiration [6] , tether pulling [7] , shear-flow-based deformation [8] , fluctuation spectroscopy [9] , and electrodeformation [10] [11] [12] . In each case (except fluctuation spectroscopy), the common strategy is to investigate the deforming response of the membrane via the application of external forcing. Mechanical properties such as the bending rigidity and elastic modulus can be extracted via model analysis, e.g., of the force-deformation relation [13] [14] [15] [16] . These studies shed significant insight on the lipid membrane as a soft material and provide powerful analytical tools for its mechanical characterization. Meanwhile, challenges remain, such as complex contact geometries between the probe and the membrane which lead to singularity and complexity in model analysis, low throughput, and the requirement of sophisticated instrumentations.
The current work does not attempt to present another deformation-based technique. Instead, we bring to light an aspect previously overlooked, namely, the relaxation after removal of external forcing. In this process, the dynamics is left to the mere devices of membrane retraction and responsive fluid motion, and the physical problem is thus significantly simplified. Relaxation has been broadly analyzed in other fields, such as polymer science [17] [18] [19] and droplet dynamics [20, 21] . However, for vesicles (and in general for biological cells), it has been a long-ignored aspect, and investigations are scarce in comparison with the extensive amount of work on the deformation. Prior studies were either phenomenological and in the absence of a quantitative modeling [22] [23] [24] or accessorial to deformation analysis and for a limited few cases [16, 25, 26] . The fundamental merit of relaxation analysis and its significance have been thus far elusive, due to the lack of attention and systematic measurements. In contrast, the current work posts the first relaxation study combining a quantitative theory with controlled experiments, with which we unveil the particularly simplistic behavior and universal aspects of this process. The contributions are as follows. First, we derive a closed-form solution for the dominantly observable mode, namely, the ellipsoidal mode. Second, we produce extensive data for different vesicle types, which provide the basis for our analysis. Third, the scattered data are unified by considering an important time scale, which leads to a similarity behavior, governed by a unique solution. This solution serves as the hallmark for each vesicle type (or each value of bending rigidity). Fourth, two distinctive regimes are identified, namely, the "entropic" regime and the "constant-tension" regime, controlled by different physical parameters. Last but not least, both the intrinsic property, the bending rigidity, and the extrinsic property, the initial membrane tension, can be simultaneously extracted and differentiated. The current approach thus may be developed into an effective method for the mechanical analysis of lipid or polymer membranes, for vesicles, and eventually for cells and other biomembranes.
We begin with the following basic assumptions the analysis predicates on. (a) Assuming that the vesicle is deformed from an initially spherical state, the vesicle then remains ellipsoidal in its apparent shape during relaxation, and relaxes back to a sphere. This assumption follows many direct observations [11, 22] and is justified via Fourier analysis of the image contours [see Supplemental Material (SM) for details [27] ]. (b) The vesicle volume is conserved. Under these two assumptions, the membrane contour is described by a single Legendre polynomial, r ¼ r 0 f1 þ ð2=3ÞϵP 2 ½cosðθÞg. Here, ðr; θ; ϕÞ defines a spherical coordinate system, r 0 is the vesicle radius in the spherical state, and P 2 ðxÞ ¼ ð3x 2 − 1Þ=2. The shape factor ϵ is related to the vesicle aspect ratio by ϵ ¼ a=b − 1, where a and b are the lengths of the major and minor axes, respectively. The evolution equation for the relaxation of ϵ can be derived following the analysis of Seifert for quasispherical shapes [26, 33] , by removing the deforming external flow field in the governing equation of the P 2 mode (see SM [27] ):
Here, t is time, Γ 0 is the membrane tension in the spherical state, which we term "initial membrane tension," μ i and μ e are the intra-and extravesicular viscosity, respectively, κ is the bending rigidity, k B is the Boltzmann constant, T is temperature, and Δ is the increase in the apparent membrane area relative to the spherical state. In adopting Eq.
(1), we have assumed that P 2 is the dominant mode giving rise to the apparent vesicle shape, whereas all other modes of the spherical harmonics have relaxed to thermal fluctuations according to the Langevin equation [33] . Finally, the celebrated Helfrich model effectively manifests itself in Eq. (1) via
where Γ is the membrane tension corresponding to a deformed state [34] . In this model, the membrane tension increases (decreases) in response to the unfolding (folding) of the "undulations" (thermal fluctuations) on the membrane. Importantly, Eq. (3) is directly derived from the total membrane area constraint in Ref. [33] . Previously, the Helfrich formula applied only to equilibrium shapes. However, we demonstrate that for moderate-to-high membrane tension (≳10 −7 N=m), and due to the fast relaxation time scale of the higher modes and the low percentage of area stored in the lower fluctuation modes, this equilibrium formula can be extended to study dynamic situations such as in relaxation (see SM [27] ). The current work henceforth complements fluctuation microscopy, which is appropriate for low-tension (∼10 −9 -10 −8 N=m) membranes [9, 12, 35] . A salient feature of Eq. (1) is that, in a dimensionless form, it is an autonomous ordinary differential equation (ODE) for ϵ, because Δ is exclusively a function of ϵ. This feature implies that once properties such as κ, μ i , and μ e are known, the solution to this equation is unique. Furthermore, this solution can be attained in a closed form if one recognizes that via Taylor expansion Δ ¼ 8ϵ 2 = 45 þ Oðϵ 3 Þ. Substituting this expression into Eq. (1) and ignoring the Oðϵ 3 Þ term, we arrive at an analytical solution after integration,
where α ≡ 64πκ=45k B T, and ϵ 0 is the value for ϵ at τ ¼ 0, the beginning point of relaxation. Here, E 1 is the exponential integral function encountered regularly in biophysical or physical problems [36, 37] . When the vesicle approaches sphericity, namely,
Equation (5) is similar to the relaxation equation for droplets [20] , with a slightly differing factor, C (see SM [27] ). Based on Eqs. (4) and (5), two regimes of relaxation can be readily delineated. The first is the entropic regime: for higher values of ϵ, the trend of the solution is controlled by the bending rigidity since the membrane tension depends strongly (exponentially) on the apparent surface area. Relaxation eventually reduces ϵ to be sufficiently small, so that the constant-tension regime is reached. In this regime, because Δ ∼ Oðϵ 2 Þ, the Helfrich constitutive relation (3) is weak, and Γ ≈ Γ 0 to the leading order. In this case, Eq. (5) is equivalently obtained by integrating Eq. (1) while setting Δ ¼ 0. Equation (4) provides a simple and convenient approximate solution to the original ODE (1), and is employed in the ensuing data analysis. A validation of its accuracy is included in the SM [27] .
To test the theory, 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine (POPC) vesicles, pure or mixed with cholesterol of 10%, 20%, and 30% in mole fraction, were formed using the standard electroformation technique, and were deformed with dc electric pulses following protocols developed in our previous work (see SM [27] ) [22, 38] . This particular technique is chosen due to its advantage of the lack of direct contact with the vesicle. However, the general methodology presented in this work could be applied to relaxation induced by any other type of deformation trigger insofar as the vesicle remains approximately ellipsoidal. Representative images of the deformation-relaxation process are shown in Fig. 1 . In Fig. 1(a) , the vesicle was in its initial, spherical state. An applied pulse (1.6 kV=cm, 100 μs) elongated the vesicle [ Fig. 1(b) ] until it reached maximum deformation [ Fig. 1(c) ]. The vesicle then relaxed after the pulse ceased [ Figs. 1(d) and 1(e) ], and eventually restored sphericity [ Fig. 1(f) ]. Each vesicle image is fitted with an elliptical shape [see Fig. 1(c) ], from which a and b are extracted. Other shape modes are negligible, as we demonstrate in the SM [27] . In Fig. 1(g) , ϵ is shown as a function of time, where the approximate locations of Figs. 1(a)-1(f) are noted. Successful model predictions on electrodeformation have been developed elsewhere [16, 26, 39] , whereas here we focus on relaxation.
Figure 2(a) shows the relaxation of 8 POPC vesicles resulting from deformation induced via different pulsing parameters. The short pulse duration and low voltage ensured the absence of membrane poration (see Table S2 in the SM [27] ). Importantly, we carefully evaluated and ruled out the effects of membrane discharging during relaxation (see SM [27] ). The data are seemingly scattered, but the behavior is qualitatively similar. On a logarithmic scale, ϵ experiences a relatively rapid initial decrease, followed by an asymptotic approach to linearity with respect to time. The similarity invites attempts to collapse the data via nondimensionalization. In fact, we already demonstrated above that once κ, μ i , and μ e are given, relaxation follows a unique solution as a function of the dimensionless time, τ. This solution unites the data regardless of the original state of the vesicle, namely, initial tension Γ 0 and radius r 0 , and the starting point of relaxation ϵ 0 , since the governing ODE is autonomous. The result is demonstrated in Fig. 2(b) . For each set of data, the dimensional (physical) time t is first normalized with t D to obtain τ [Eq.
(1)]. The data sets are also allowed to translate horizontally for alignment, a standard operation for an autonomous system without altering the governing physics (see SM [27] ). We observe that the 8 data sets are now in concurrence with each other in dimensionless form, and are well captured by a theoretical solution produced with Eq. (4). In generating results in Fig. 2(b) , the values of both Γ 0 (to calculate t D ) and κ are needed, and are obtained by minimizing the error between the data sets and the theoretical solution. The bending rigidity κ is assumed to be the same for all 8 vesicles, and is found to be 1.22 × 10 −19 J. Values of Γ 0 differ for each vesicle; these and all pertinent parameters are found in Table S2 of the SM [27] . An excellent agreement is indicated by the value of the coefficient of determination, R 2 ¼ 0.986. The data analysis and results are extensively validated, especially by comparing three different methodologies. Note that large fluctuations are observed for ϵ ≲ 0.015, due to thermal noise and limitations in the imaging system. This part of the data is consistently discarded in Fig. 2(b) and all results to follow. Details of the methods and a discussion on the cutoff threshold are found in the SM [27] . Some further remarks on Fig. 2(b) are appropriate. First, the presence of the regimes as suggested by the theory is evident. We observe that for ϵ ≲ 0.038, all vesicles relax exponentially according to Eq. (5). On the other hand, for ϵ ≳ 0.038, the deviation from the exponential behavior is dictated by the Helfrich constitutive relation. The separation of the regimes is schematically delineated by a dotdashed line. The determination of the threshold value is discussed later. Second, in the analysis above we have effectively presented a method to simultaneously extract κ and Γ 0 . The former is an intrinsic membrane property, and the value from our analysis, 1.22 × 10 −19 J, agrees well with that from the literature [ð0.39-1.6Þ × 10 −19 J [13] ]. The initial membrane tension Γ 0 is a nonintrinsic property that depends on the history of every vesicle and can be modulated by means such as changes in the extra-and intravesicular osmolarity. Our approach is simple and convenient when compared with many alternatives, in particular, when considering the closed-form solutions (4) and (5) .
The same analysis on additional data is presented in Fig. 3 . Altogether 5 groups are shown. The POPC data are identical to those shown in Fig. 2(b) , presented here for reference. Data for POPC with 10%, 20%, and 30% of cholesterol contain 8, 7, and 6 vesicles, respectively. Data for each vesicle type are normalized following the approach above, and then translated so that they are aligned in the last stage, i.e., in the constant-tension regime. Solid lines represent the theoretical prediction for each case. We observe again the similarity pattern for each vesicle type. In addition, as the cholesterol concentration increases, the initial descent of the relaxation in the entropic regime becomes successively steeper, indicating an increase in the value of κ. Indeed, they are found to be 1.73, 1.90, and 2.18 × 10 −19 J, respectively. These numbers corroborate the trend in the measurements by Henriksen et al. [35] using fluctuation spectroscopy, namely, 2.24, 2.89, and 3.57 × 10 −19 J for POPC vesicles with 10%, 20%, and 30% cholesterol (mole fraction), respectively. The differences in the values of κ are attributed to those in the specific experimental conditions, especially the sugar concentrations [13] . However, as the constant-tension regime is reached with lower values of ϵ, all vesicles converge to the linear (exponential) behavior.
Particular to electrodeformation, we also present another group of data, namely, electroporated POPC vesicles (filled yellow triangles). Poration was induced by stronger and longer pulses (Table S6 in the SM [27] ). In this case, all 4 sets of relaxation data follow a pure exponential decay. This result is interesting but not surprising, as for an electroporated membrane, area expansion or contraction can be mediated by that of electropores, and the Helfrich constitutive relation is therefore lost. Detailed parameters for all vesicles in Fig. 3 are listed in Tables S2-S6 in the SM [27] .
Importantly, the transition value of ϵ between the entropic and constant-tension regimes does depend on κ, as depicted in Fig. 4 in the phase space of κ and ϵ. The two regimes are separated by the solid line using expð8πκΔ=k B TÞ ¼ 1.2. Note that the choice of 1.2 is empirical: it is a number indicating an appreciable deviation from the constant-tension regime. Considering that Δ ≅ 8ϵ 2 =45, we have κϵ 2 ≅ 1.75 × 10 −22 J as an approximate guideline. To the far right, we also present the elastic regime, which occurs for large deformations where all fluctuations are flattened. In this case, the intermolecular spacing of the lipids does change, and elastic stretching becomes appreciable. For this regime, an extension of the Helfrich model needs to be used instead of Eq. (3), Δ ¼ ðk B T=8πκÞ lnðΓ=Γ 0 Þ þ ½ðΓ=Γ 0 Þ − 1ðΓ 0 =K a Þ [34] . Here, K a is the bulk elastic modulus of the membrane, and the first and second terms on the rhs denote contributions from entropic and elastic stretching, respectively. The dashed lines in Fig. 4 competing contributions, for three representative values of K a =Γ 0 , namely, 10 4 , 10 5 , and 10 6 , using K a ≃ 0.2 N=m [40] and Γ 0 ≃ ð0.2-20Þ × 10 −6 N=m (see SM [27] ). In Fig. 4 , each symbol represents a pair of (ϵ 0 , κ), for the vesicles presented in the first four groups in Fig. 3 . Evidently, all vesicles in the current study do not reach the stretching regime.
In a brief summary, this work reveals the simplistic behavior of ellipsoidal relaxation of giant unilamellar vesicles and elucidates its characteristics. A closed-form solution lends further power to the analysis and serves as a unique hallmark for each vesicle type. The methodology can be potentially extended to study important mechanical problems of biological cells. For example, both bending rigidity and membrane tension are found to play critical roles in nanoparticle-cell membrane interaction [41] . The current approach promises consistent and specific property differentiation, in contrast to the deformation-based, bulkaveraged measurements [42] . The model is currently limited to membranes with negligible viscosity, as in fluid lipid membranes, and does not capture any rheological behavior therein. However, such extension can be incorporated [26] . Last but not least, the relaxation analysis may be applied to study vesicles or membranes deformed with means other than electric fields.
